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ABSTRACT 
I n  t h i s  paper  we d iscuss  a method f o r  de te rmining  Ht 
concen t r a t ion ,  e l e c t r o n  number d e n s i t y ,  and pro ton  gyrofrequency 
i n  t h e  v i c i n i t y  of chc s a t e l l i t e  by measurements of t h e  asymptot ic  
frequency-time p r o f i l e  of a proton w h i s t l e r  nea r  t h e  p ro ton  gyro- 
frequency.  Th i s  new technique is a p p l i e d  t o  proton w h i s t l e r s  
r ece ived  by :ne In jun  3 VLF rece ive r .  The c a l c u l a t e d  va lues  of 
H+ concentrexion and e l e c t r o n  d e n s i t y  are shown t o  be i n  good 
agreement w i t ; ;  :neasureinents Ly o t h e r  experimenters  a t  similar 
a l t i t u d e s ,  .‘cA;ltudes,  and l o c a l  times. b va lues  c a l c u l a t e d  from 
t h e  proton ,y. ufrequency are compared wi th  va lues  c a l c u l a t e d  from 
t h e  Jensen  - , . i d <  Cain expansion for t h e  geomagnetic f i e l d .  
I t  . - s!?own t h a t  t h e  wave energy of  a pro ton  w h i s t l e r  is  
+cl: - -1. n e a r l y  a long  t h e  geomagnetic f i e l d  and t h a t  t h e  
?arLI. .or,,jc?nent of t h e  group v e l o c i t y  is c l o s e l y  approximated 
>j- the- :;up v , - loc i ty  f o r  l o n g i t u d i n a l  propagat ion.  I t  is found 
,hat for 1 -  v e n c i e s  near  t h e  proton gyrofrequency a t  t h e  s a t e l l i t e  
t h e  kerne, t i t i p l y i n g  n(H ) i n  t h e  t r a v e l  time i n t e g r a l  is 
l a r g e  only  i n  t h e  r eg ion  near t h e  s a t e l l i t e .  
ht c o n c e n t r a t i o n  is dniform wi th in  t h i s  r eg ion ,  a n  express ion  is 
+ 1/2 
Assuming t h a t  t h e  




The tit concen t r a t ion  and pro ton  gyrofrequency are obta ined  
by f i t t i n g  this t h e o r e t i c a l  frequency-time expres s ion  t o  observed 
pro ton-whis t le r  s i g n a l s .  
n(H+) wi tn  t h e  crossover  frequency method f o r  de te rmining  
CL 
By combining t h i s  method for determining  
= n(il t) /ne t h e  e l e c t r o n  d e n s i t y  can a lso be determined.  1 
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I. INTRODUCTION 
I n  t h e  VLF r e c o r d i n g s  from t h e  In jun  3 and Aloue t t e  1 sa te l l i t es ,  
a n  unusual  ion  gyrofrequency phenomenon was observed fo l lowing  t h e  
r e c e p t i o n  of  s h o r t  f r ac t iona l -hop  w h i s t l e r s  [Smith e t  al . ,  19641. The 
new effect  appears  as a tone  which starts immediately fo l lowing  t h e  
r e c e p t i o n  of a s h o r t  f rac t iona l -hop  w h i s t l e r  and i n i t i a l l y  shows a r a p i d  
r i s e  i n  f requency,  a sympto t i ca l ly  approaching t h e  gyrofrequency for 
protons  i n  t h e  plasma surrounding t h e  s a t e l l i t e  ( s e e  F igu re  1 ) .  
The phenomenon w a s  expla ined  [Gurnett  e t  a l . ,  1965 and Gurne t t ,  
19651 as simply a d i spe r sed  form of  t h e  o r i g i n a l  l i g h t n i n g  impulse 
wi th  t h e  d i s p e r s i o n  a r i s i n g  from t h e  e f f e c t s  of i ons  on t h e  propaga- 
t i o n .  The c h a r a c t e r i s t i c  t one  occur r ing  immediately fo l lowing  t h e  
r e c e p t i o n  of  a w h i s t l e r  was i d e n t i f i e d  as  a l e f t -hand  po la r i zed  
ion  cyc lo t ron  wave and is c a l l e d  a pro ton  w h i s t l e r .  A d e t a i l e d  
d isc l i ss ion  on t h e  occurrence  of p ro ton  w h i s t l e r s  i n  t h e  In jun  3 d a t a  
i s  g iven  by Shawhan C19651. 
A t  a f requency denoted by w t h e  pro ton  w h i s t l e r  and 12 ' 
e l e c t r o n  w h i s t l w  frequency-time traces a re  co inc iden t  i n  t ime ( s e e  
F igure  1). 
a cha rac - t e r i s t i c  f requency of t h e  plasma surrounding t h e  satel l i te .  
The  abtrupt chanze i n  t h e  group v e l o c i t y  near  o12 occur s  as t h e  
wave 2 o l a r i z a t i o n  changes s ign  a t  t h e  c ros sove r  f requency.  
ments of t h e  c rossover  frequency us ing .p ro ton  w h i s t l e r s  r ece ived  
This  f requency was i d e n t i f i e d  as t h e  c ros sove r  f requency,  
Measure- 
5 
by In jun  3 have been used t o  provide a c c u r a t e  measurements of t h e  
f r a c t i o n a l  concen t r a t ion  a = n(H')/n i n  t h e  ionosphere [Shawhan 
1 e 
and Gurnet t  , 19651. 
I n  t h i s  paper w e  d i s c u s s  a method of  determining t h e  II' 
concen t r a t ion ,  e l e c t r o n  number d e n s i t y ,  and p ro ton  gyrofrequency 
i n  t h e  v i c i n i t y  o f  t h e  sa te l l i t e  by measurements of  the t r a v e l  time 
of  a proton w h i s t l e r  for f requencies  near  t h e  pro ton  gyrofrequency. 
This  technique is a p p l i e d  t o  proton w h i s t l e r s  r ece ived  by Injun 3 .  
The c a l c u l a t e d  v a l u e s  of  11' concent ra t ion  and e l e c t r o n  d e n s i t y  are  
shown t o  be i n  good agreement w i t h  measurements by o t h e r  experimenters  
a t  similar a l t i t u d e s  and local t i m e s .  Values of t h e  geomagnetic 
f i e l d  computed us ing  t h i s  proton w h i s t l e r  method are compared wi th  
va lues  obta ined  from t h e  Jensen and Cain s p h e r i c a l  harrnonic expansion 
of t h e  geomagnetic f i e l d  f o r  epoch 1960.  
T h i s  new method of determining t h e  l o c a l  Ht concen t r a t ion ,  
e l e c t r o n  d e n s i t y ,  and pro ton  gyrofrequency i s  based on t h e  t h e o r e t i -  
ca l  explana t ion  of t h e  pro ton  w h i s t l e r .  As d i scussed  by Gurnett  
e t  a l .  [1365]  and Gurnet t  [1965], t h e  pro ton  w h i s t l e r  is a l e f t -  
hand p o l a r i z e d  ion cyc lo t ron  wave propagat ing i n  t h e  frequency band 
a v a i l a b l e  j u s t  below t h e  proton gyrofrequency. 
nea r  an ion  gyrofrequency the  d i s p e r s i o n  r e l a t i o n  for  t h e  i o n  
cyc lo t ron  wave becomes p a r t i c u l a r l y  s imple and is d iscussed  i n  
For f r equenc ie s  
Sec t ion  2 of t h i s  paper.  I t  is shown t h a t  t h e  wave energy of a 
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proton  w h i s t l e r  i s  guided very n e a r l y  a long  t h e  geomagnetic f i e l d  
and t h a t  t h e  group v e l o c i t y  i s  n e a r l y  independent of t h e  wave normal 
ang le  and can be c l o s e l y  approximated by t h e  group v e l o c i t y  f o r  
l o n g i t u d i n a l  propagat ion.  
observed a t  t h e  s a t e l l i t e  i s  given by a l i n e  i n t e g r a l  a long  t h e  ray 
p a t h  from t h e  l i g h t n i n g  source t o  t h e  s a t e l l i t e .  It is found t h a t  
for f r e q u e n c i e s  nea r  t h e  proton gyrofrequency ( a t  t h e  s a t e l l i t e )  
t h e  k e r n e l  mu l t ip ly ing  n(H+)1'2 i n  t h e  in t eg rand  is l a r g e  o n l y  i n  
t h e  r e g i o n  n e a r  t h e  s a t e l l i t e .  
i s  approximately uniform wi th in  t h i s  r e g i o n ,  a n  express ion  is d e r i v e d  
f o r  t h e  t r a v e l  time of t h e  proton w h i s t l e r  for f r .equencies  n e a r  t h e  
The group t r a v e l  t i m e  of pro ton  w h i s t l e r s  
Assuming t h a t  t n e  Ht c o n c e n t r a t i o n  
p ro ton  gyrofrequency.  The l i  t c o n c e n t r a t i o n  and proton gyrofrequency 
i n  t h e  v i c i n i t y  of t h e  sa te l l i t e  are ob ta ined  by f i t t i n g  t h i s  
t h e o r e t i c a l  t r a v e l  t i m e  express ion  t o  observed frequency-time 
t races  for pro ton  w h i s t l e r s ,  By combining t h i s  method for determining  
n(H+) wi th  t h e  c ros sove r  f requency method f o r  de te rmining  cil t h e  
e l e c t r o n  d e n s i t y  ne can be c a l c u l a t e d  u s i n g  ne = n(H+)/cr,. 
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11. TEE GROUP TRAVEL TIYE NEAR AN TON GYROFRFOUFXCY 
The group t r a v e l  t h e  of a proton w h i s t l e r  from t h e  source  of 
t h e  l i g h t n i n g  impulse t o  t h e  s a t e l l i t e  is g iven  by t h e  l i n e  i n t e g r a l :  
J u  
P 
= 
Before t h i s  i n t e g r a l  can be eva lua ted ,  w e  must conslder t h e  r a v  pa th  D 
and t h e  group v e l o c i t y  u along t h e  ray path .  S ince  t h e  groun v e l o r i t y  
of t h e  le f t -hand  p o l a r i z e d  i o n  cyc lo t ron  wave is  much less tha r ,  T k :  
group v e l o c i t y  of t h e  right-hand p o l a r i z e d  wave, we rncoynizc  t k . - t  t h e  
major c o n t r i b u t i o n  t o  t h e  t r a v e l  t i m e  i n t e g r a l  occurs  alone; t h e  n o r t i o n  
of t h e  pa th  where t h e  wave i s  le f t -hand  po la r i zed .  This  i s  osr?eclzllv 
t r u e  -or f r equenc ie s  near  an i o n  g-yrofrequency s i n c e  thc: groun v e l o c i t y  
of t h e  ion  c y c l o t r o n  wave approaches ze ro  a t  t h e  ion  gyrofrequency. 
Thus, w e  l i m i t  our a t t e n t i o n  t o  a n  ion cyc lo t ron  wave w i t h  freqKencie7 
near  an  Lor: gyroFrec;uency. 
Using Y.ke : io ta t ion  introduced Sy S t i x  1'196~1 t h e  Yefrac t i -e  <ndex 
for i on  cyclotl?on waves can be wr i t ten*:  
% u b s c r i p t s  (k) s e  2 ,  1, 2 ,  and 3 F m  eiectrons,  ?+, Fie', and 0' 
P espec  t i v  ely 
n4 cos20 - n 2 ~ ( 1  + cos20) + RL = o 
2 
P , = l - C  nk 
w ( w  + n ) k k 
S = (1/2)(R + L) 
The plasma frequency and gyrofrequency of t h e  k t h  con- 
s t i t u e n t  are  n k  and Qk ( inc lud ing  s i g n )  r e s p e c t i v e l y ,  and 0 is 
t h e  a n g l e  between 
I n  t h e  d e r i v a t i o n  
a n g l e  of t h e  wave 
t h e  wave normal and t h e  s t a t i c  magnetic f i e l d .  
of equa t ion  ( 2 1 ,  i t  is  assumed t h a t  L > 0 ,  t h a t  
and t h a t  t a n 2  0 << t a n 2  ORes (aRes i s  t h e  v e r t e x  
v e l o c i t y  s u r f a c e ) .  
For t n e  e l e c t r o n  d e n s i t i e s  ana magnet ic  f i e l d  s t r e n g t h s  
found i n  t h e  ionosphere t h e  i n e q u a l i t i e s  L > 0 and n e 2 > >  12 R 
are  v a l i d  f o r  pro ton  w h i s t l e r s .  The range  of wave normal a n g l e s  
for which t h e  i n e q u a l i t y  t a n 2  0 << t a n 2  ORes is s a t i s f i e d  can be  
s e e n  as fo l lows  from t h e  equat ion  for t h e  v e r t e x  a n g l e  of t h e  wave 
>>  a2 
l e  
v e l o c i t y  s u r f a c e :  
ORes i s  g iven  by 
2 
'Res t a n  
For frequencies nea r  t h e  k t h  i o n  gyrofrequency 
ak  = n(k ) /ne ;  Lo = ilk - w 
I 'lk/Me = Ion Mass/Electron Mass 
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For pro ton  w h i s t l e r s  Aw/R 
5 x 
[Gurnett  and Brice, 19651. 
is ev iden t  t h a t  ORes is always near U/2. 
v a l i d  f o r  ?roton w h i s t l e r  propagation i n  t h e  ionosphere provided 
is never found t o  be less  t h a n  about  
1 
because of c y c l o t r o n  damping f o r  f r e q u e n c i e s  nea r  Sjl 
Using t h i s  minimum v a l u e  f o r  Aw/R it 1 
Thus, equa t ion  ( 2 )  is 
0 is no t  n e a r  II/2. Wave normal a n g l e s  nea r  U/2 are n o t  l i k e l y  
because t h e  l a r g e  r e f r a c t i v e  index i n  t h e  ionosphere causes t h e  
wave normal t o  b e  r e f r a c t e d  t o  nea r  v e r t i c a l  so  t h a t  0 = iI/2 could 
o n l y  occur  nea r  t h e  equator .  R e l a t i v e l y  f e w  p ro ton  w h i s t l e r s  are 
r e c e i v e d  nea r  t h e  equa to r  [Shawhan, 19651 compared wi th  t h e  occur- 
r ence  rates a t  m i d l a t i t u d e s .  
I n  o r d e r  t o  f u r t h e r  s i m p l i f y  equa t ion  ( 2 ) ,  w e  now restr ic t  
t h e  d i s c u s s i o n  t o  f r e q u e n c i e s  near an ion  gyrofrequency so t h a t  
L >> R. With t h i s  assumption t h e  s o l u t i o n  for  t h e  slow wave from 
equa t ion  (2) i s  
n2 = L (1 + cos20) 
To o b t a i n  an  expres s ion  for L(w) c o n s i s t e n t  w i th  t h e  assumption t h a t  
t h e  frequency under d i s c u s s i o n  is c l o s e  t o  a n  i o n  gyrofrequency w e  
expand equa t ion  ( 4 )  about  2l i n  terms of Aw = ill -a. 
h i g h e r  o r d e r  terms i n  t h e  parameter Aw/Q 
f r a c t i v e  index of ion  cyc lo t ron  waves nea r  C l  3 
Neglect ing 




2 2 (1 t cos  0 )  ri, n 2  = ( 7 )  
ill(il1 - w )  2 cos20 
To i l l u s t r a t e  t h e  range of f r e q u e n c i e s  f o r  which t h i s  ex- 
p re s s ion  is  v a l i d  t h e  refract ive i n d i c e s  f o r  l o n g i t u d i n a l  propaga- 
t i o n ,  n2 = I? and n2 = L,  are p l o t t e d  i n  Figure 2. The plasma i n  
t h i s  exanple  c o n s i s t s  of  80% Ii', 20% H e + ,  and e l e c t r o n s .  The 
approxiillate express ion  g iven  by equa t ion  ( 7 )  i s  also compared with 
t h e  exac t  equa t ion  n2 = L f o r  0 = 0. Equation ( 7 )  i s  seen  t o  be 
a good approximation f o r  f r equenc ie s  w e l l  above t h e  c ros sove r  
frequency. 
The phase r e f r a c t i v e  index su r face  n(B) given by equat ion  
( 7 )  is shown i n  Figure 3 .  Since t h e  group r a y  d i r e c t i o n  is normal 
t o  t h e  phase r e f r a c t i v e  index s u r f a c e ,  w e  s e e  t h a t  t n e  i o n  c y c l o t r o n  
wave energy i s  cons t r a ined  t o  propagate  n e a r l y  a long  t h e  s t a t i c  
magnetic f i e l d .  The ang le  Q between t h e  group r a y  d i r e c t i o n  and 
3, is g iven  by 
3 
( 8 )  
sinO cos  0 t a n  Y = 
0 
From t h i s  expres s ion  it can be shown t h a t  Y - < 12.3 . Thus, t h e  
r a y  pa tn  of  pro ton  w h i s t l e r s  near t h e  pro ton  gyrofrequency is very  
n e a r l y  a long  a geomagnetic f i e l d  l i n e .  For comparison, t n e  r a y  
p a t h  of an  e l e c t r o n  whistler ( cons ide r ing  only  e l e c t r o n  motion) 
was shown by S to rey  [1953] t o  be conf ined  t o  a n g l e s  Y - < 19.3 . 0 
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The group v e l o c i t y  i s  obtained from equa t ion  ( i> u s i n g  
C 
n ao n + ,  an 
a w  
We o b t a i n  f o r  t h e  component of t h e  group v e l o c i t y  a long  t h e  s t a t i c  
magnetic f i e l d  (u , ,  
6 1/2 
(10) 
- [ 2 ( 1  + 2 cos20 + cos  013 u,, - uo c o s  Y 
(1 + cos  2 0) 3/2 
These group v e l o c i t y  express ions  are plot ted.  i n  F igure  3 as a group 
r a y  r e f r a c t i v e  index s u r f a c e  u ( Y )  = 4181 and as a p l o t  of uo/u,, 
v s  0.  
den t  of 0 f o r  wave normal angles  up t o  about  50 
It is  ev iden t  from t h e s e  p l o t s  t h a t  u,, is n e a r l y  indepen- 
and is approxi-  
0 
mated ve ry  c l o s e l y  by t h e  group v e l o c i t y  f o r  l o n g i t u d i n a l  propaga- 
t i o n  ( equa t ion  11). 
The group v e l o c i t y  express ion  f o r  l o n g i t u d i n a l  propagat ion 
uo is  c o r r e c t  a t  a l l  f r equenc ie s  i n  t h e  l i m i t  o f  a 100% H+ plasma. 
For a H + ,  He+ plasma t h e  e r r o r  i n  us ing  t h e  approximate equat ion  (11) 
f o r  t h e  group v e l o c i t y  i s  shown i n  F igure  4 by comparing equat ion  (11) 
with  t h e  more complicated but exac t  express ion  ( equa t ion  4 ) .  Evident ly  
12 
t h i s  approxiniate expres s ion  is ve ry  good f o r  f r e q u e n c i e s  w e l l  above 
t h e  c rossover  f requency and r a p i d l y  approaches t h e  exac t  express ion  
a s  t n e  wave frequency approaches t h e  pro ton  gyrofrequency. 
We now cons ide r  t h e  t r a v e l  t i m e  i n t e g r a l  d i scussed  earlier 
(equat ion  1). 
z o n t a l  a x i s  s with the wave propagating t o  t h e  r i g h t  from an  impulse 
source  a t  so. 
t h e  l e f t  w i t h  t h e  pro ton  gyrofrequency having a v a l u e  Q ( 0 )  a t  t h e  
o r i g i n  ( t h e  obse rva t ion  po in t ) .  
f r equenc ie s  below and near  Q,(O). 
The r a y  pa th  is r ep resen ted  schemat i ca l ly  as a hor i -  
The s t a t i c  magnetic f i e l d  i n c r e a s e s  monotonical ly  t o  
1 
We are on ly  concerned wi th  wave 
It is convenient  t o  d iv ide  t h e  propagat ion  pa th  i n t o  two r e g i o n s  




I n  Region 1 ( 0  < s < h )  w e  assume t h a t  t h e  wave is a l e f t  hand p o l a r i z e d  
i o n  cyc lo t ron  wave and t h a t  t h e  wave frequency is c l o s e  t o  t h e  pro ton  
gyrofrequency throughout  t h i s  r eg ion .  We a l s o  assume tnat tne pro ton  
gyrofrequency can  be  approximated by n ( s )  = fi ( 0 )  + Q ( 0 )  s, wnere 
- 
/ 
*1 1 1 
13 
/ 
S l l  ( 0 )  = 3Rl/3s. 
f o r  t h e  f r e q u e n c i e s  of i n t e r e s t  t h e r e  are no p o l e s  or zeros 
i n  t h e  r e f r a c t i v e  index. 
I n  r eg ion  2 ( h  s < so)  w e  assume t h a t  - 
Thus, t h e  group v e l o c i t y  a long  t h i s  
4. ,. 
p o r t i o n  of t h e  r a y  pa th  is always nonzero. 
clude t h a t  t ( w )  w i l l  be a f i n i t e  continuous 
for  t h e  f r e q u e n c i e s  of i n t e r e s t  ( s i n c e  u # 0 
t h e  pa th ) .  
2 
From t h i s  w e  con- 
f u n c t i o n  of w 
anywhere a long  
In  t h e  a p p l i c a t i o n  of t h i s  propagat ion model t o  p ro ton  
w h i s t l e r  propagat ion i n  t h e  ionosphere,  so is  a t  t h e  base  of 
t h e  ionosphere ( =  100  km), s = 0 is  t h e  p o s i t i o n  of t h e  satellite, 
and t h e  p o l a r i z a t i o n  r e v e r s a l  which g i v e s  r i s e  t o  p ro ton  
w h i s t l e r s  occur s  i n  Region 2. 
Since t h e  wave i n  Region .1 i s  an  ion  c y c l o t r o n  wave 
w i t h  w n e a r  R 
t h e  s ta t ic  magnetic f i e ld .  
for u i n  t h e  t r a v e l  time i n t e g r a l  tl(w): 
w e  know t h a t  t h e  r a y  d i r e c t i o n  is  n e a r l y  along 
This a l lows  u s  t o  use  equa t ion  11 
1 
For small Aw=Ql(0) - w t h e  k e r n e l  mu l t ip iy ing  II ( s )  1 
i n  t h e  in t eg rand  is l a r g e  only i n  t h e  neighborhood of s = 0. 
We t h e r e f o r e  assume tnat II,(s) v a r i e s  s lowly i n  Region 1 so 
t n a t  w e  msy write: 
/ 
(us ing  n ( s )  = Q,(o) + i-il ( 0 )  s )  
a. 
^This is e q u i v a l e n t  t o  saying t h a t  h is  a c c e s s i b l e  from so .  
14 
w e  o b t a i n  f o r  t h e  i n t e g r a l  
w _I w 
Expanding t o  t h e  f irst  o rde r  i n  terms of t h e  small q u a n t i t y  
Aw/Q w e  o b t a i n :  
1 
We n o t e  t n a t  h occu r s  only i n  t h e  h ighe r  order terms i n  Aw; 
hence, i n  t n e  l i m i t  A W  0 the dependence of t l ( w )  on h appears  
only as a cons t an t .  
S ince  t2 (w)  is f i n i t e  and cont inuous about  L! w e  have 1 
for  small Aw: 
expres s ion  for  t ( w )  i n  t h e  limit A f i . 0  is  dominated by tl(w) 
t2(w) = t,(Ql) + t / ( Q  ) A w .  The asymptot ic  
2 1  
15 
and t h e r e f o r e  is 
This  equa t ion  g i v e s  t h e  asymptotic forin f o r  t h e  long drawn o u t  
"high frequency ta i l"  of t h e  p ro ton  w h i s t l e r  for w n e a r  t h e  
p ro ton  gyrofrequency a t  t h e  s a t e l l i t e  ( s e e  Figure 1). This  
r e l a t i v e l y  s imple r e l a t i o n ,  independent of t h e  c o n c e n t r a t i o n s  
a long  a l l  b u t  t h e  l a t t e r  p o r t i o n  of t h e  r a y  pa th ,  occu r s  because 
of t h e  s i n g u l a r  n a t u r e  of the t r a v e l  time i n t e g r a l  nea r  t h e  
p ro ton  gyrofrequency. 
Equation ( 1 6 )  i s  t h e  working equa t ion  for t h e  determina- 
t i o n  of n(H+) and ill from protoh w h i s t l e r s .  
t o  be g iven  t o  equa t ion  ( 1 6 )  is as fol lows:  
The i n t e r p r e t a t i o n  
Assume t h a t  t h e  local 
sa t e l l i t e  i s  Ql, then 
t h e  p o r t i o n  of proton 
gyrofrequency a t  t h e  
t h e  t r a v e l  t i m e  t ( w )  for 
w h i s t l e r  s i g n a l  nea r  t h e  
proton gyrofrequency is p r o p o r t i o n a l  t o  t h e  
square r o o t  of t h e  period of t h e  d i f f e r e n c e  
frequency Au=nl-u. If t ( w )  v s  ( l / ~ w ~ ~ / *  is  n o t  
found t o  be a s t r a i g h t  l i n e  t h e n  t h e  assumed 
gyrofrequency is  i n c o r r e c t  and must be a d j u s t e d  
u n t i l  t h e  b e s t  s t r a i g i t  l i n e  f i t  is obtained.  
16 
This gyrofrequency is  t h e n  a de te rmina t ion  of 
t h e  t r u e  p ro ton  gyrofrequency a t  t h e  sa te l l i t e .  
S ince  ai2 / a s  can be a c c u r a t e l y  c a l c u l a t e d  a t  t h e  p o s i t i o n  1 
of t h e  s a t e l l i t e  from t h e  geometry o f  t h e  geomagnetic f i e l d ,  
it i s  e v i d e n t  from equat ion (16) t h a t  t h e  s l o p e  of t ( w )  vs 
( ~ / A u ) ~ / ~  can be used t o  o b t a i n  TI1 ( 0 )  and hence n(H+) from 
2 411e2n( Ht ) n1 ( 0 )  = 
ml 
The experimental  method used t o  c a l c u l a t e  Il ( 0 )  and 1 
i2 
are d i s c u s s e d  i n  t h e  next  s e c t i o n .  
( 0 )  from p ro ton  w h i s t l e r s  and t h e  accuracy of t h e  method 1 
. 
17 
111. TIlE METHOD USED TO DETERMINE n(H+) AND 
Ql(0) FROM THE DISPERSION OF PROTON WHISTLEIiS 
We have shown t h a t  equat ion (16)  g i v e s  t h e  t r a v e l  time 
of a proton w h i s t l e r  i n  t h e  l i m i t  of small Aw. 
suggested t h a t  equa t ion  (16)  be used t o  determine n(H+) and R,(O) 
We have a l s o  
from t h e  d i s p e r s i o n  
I n  t h e  fo l lowing  w e  
Q,(o) from a set of 
of proton w h i s t l e r s  r e c e i v e d  by a s a t e l l i t e .  
d i s c u s s  a method of c a l c u l a t i n g  n(H+) and 
measured pro ton  w h i s t l e r  t r a v e l  t i m e s  a t  
d i f f e r e n t  f r e q u e n c i e s  ( t  u.). Since  a c t u a l  measurements must 
be  made f o r  a f i n i t e  range  o f  Ao v a l u e s  and s i n c e  equa t ion  (16) 
is s t r i c t l y  v a l i d  on ly  i n  t h e  l i m i t A H 0  w e  mus t  e s t i m a t e  t h e  
j' 3 
: e r r o r  i n  c a l c u l a t i n g  
a realist ic range  of 
accuracy of equa t ion  
n(H+) and R (0) from equat ion  ( 1 6 )  u s ing  
A w  values .  
(16) using as d a t a  c a l c u l a t e d  pro ton  
. 1  
T h i s  w e  do by t e s t i n g  t h e  
w h i s t l e r  t r a v e l  times f o r  an assumed model ionosphere.  By 
comparing t h e  va lues  of n(Ht) and Q ( 0 )  f o r  t h e  assumed iono- 
s p h e r i c  model w i th  tne va lues  ob ta ined  from f i t t i n g  equat ion  
( 1 6 )  t o  t h e  c a l c u l a t e d  proton w h i s t l e r  t r a v e l  times w e  can 
e s t i m a t e  t h e  e r r o r s  which a r i s e  from us ing  equa t ion  (16) f o r  
f i n i t e  v a l u e s  of A w  ( independent of measurement errors). 
fo l lowing  is  a n  i l l u s t r a t i o n  of one such t es t  case. 
1 
The 
I n  F igure  5 is shown one of s e v e r a l  model ionospheres  
used t o  test equat ion  (16) .  The ion d e n s i t y  p r o f i l e s  f o r  t h i s  
18 ' 
model a r e  c a l c u l a t e d  us ing  d i f f u s i v e  equ i l ib r ium r e l a t i o n s  wi th  
an  ion  tempera ture  of 80O0K, The d e t a i l e d  choice  of t h e  model 
ionosphere i s  not  c r u c i a l  since w e  on ly  wish t o  i l lus t ra te  t h e  
method of determining n(H+) and Q (0) and t o  estimate t h e  errors 
i n  t h e  method. 
1 
Using t h e  ionospheric  model of F igure  5 pro ton  w h i s t l e r  
t r a v e l  t imes  t (w)  t o  an a l t i t u d e  of  2000 km a r e  c a l c u l a t e d  and 
shown i n  F igure  1. These t r a v e l  times are c a l c u l a t e d  us ing  t h e  
exac t  equa t ions  for l o n g i t u d i n a l  propagat ion  as d i scussed  by 
Gurne t t  e t  a l .  [1965]. I n  Figure 6 we p l o t  t (w)  v s  [ l /Aw"]  1/2 , 
.'. .. -1. 6 
Ao:' = R1 -u, for  t h i s  t e s t  ca se ,  where R is a t r i a l  v a l u e  for  
t h e  pro ton  gyrofrequency. Five curves  are shown f o r  !d va lues  
1 
d i f f e r i n g  by 1 cps.  The a c t u a l  pro ton  gyrofrequency a t  2000 Ian 
1 
?e 
for  t h i s  tes t  case is R ( 0 )  = 307.3 cps.  
t ( w )  and [ ~ / A u " ] ~ / ~  is seen t o  be ve ry  n e a r l y  l i n e a r  when 
The r e l a t i o n  between 1 
2; Jc = 307 cps  = Rl(0). However, when R , is as l i t t l e  as  1 c p s  
d i f f e r e n t  from R,(O) t h e  curves  d e v i a t e  markedly from a s t r a i g h t  
l i n e  
41 1 
The p l o t s  i n  Figure 6 show t h a t  Q ( 0 )  can be determined 1 
?; 
from pro ton  w h i s t l e r  measurements by f i n d i n g  t h e  v a l u e  of $1 1 -
j, p j  = Cl/(Q, 2; -@.)I 1/2) 
f o r  which t h e  measured p a i r s  of p o i n t s  ( t  
3 
A 
l i e  on a s t r a i g h t  l i n e ,  T h i s  v a l u e ,  ca l l  i t  ill, is t h e  b e s t  
estimate of t h e  pro ton  gyrofrequency a t  t h e  s a t e l l i t e .  The HS 
19 
concen t r a t ion  is determined from t h e  s l o p e  S = At/Ap ( eva lua ted  




To implement t h i s  scheme f o r  c a l c u l a t i n g  R (0) and 
Jc 
1 
n(i-I+) w e  u se  t h e  s ta t i s t ic  T(G! "1 t o  f i n d  t h e  va lue  of !,I which 1 1 
g i v e s  the b e s t  f i t t i n g  l i n e a r  r e l a t i o n  between t h e  p o i n t s  (t.,~.). 
3 1  
L 1 n-2 
The v a l u e  of T is a maximum when t h e  mean squa re  error between 
t h e  exper imenta l  p o i n t s  and t h e  b e s t  f i t  s t r a i g h t  l i n e  is a 
minimum [Lacey, 19591. When t h e  exper imenta l  p o i n t s  l i e  exac t ly  
i n  a s t r a i g h t  l i n e  it is  easy t o  show t h a t  t h e  s t a t i s t i c a l  para-  
meter T i s  i n f i n i t e .  
.'. ,. I n  F igu re  7 i s  shown a p l o t  of T ( Q  "1 v s  !,I f o r  t n e  1 1 
c a l c u l a t e d  p ro ton  w h i s t l e r  shown i n  F igure  1. The p o i n t s  
20 
( t j s  0.1 used t o  c a l c u l a t e  ~ ( f i  "1 are 1 c p s  a p a r t  i n  f requency 1 1 .*. 
f o r  0 < Aw < 40 cps. 
dominating t h e  sums i n  equat ion (19)  t h e  p o i n t s  ( t  
cluded i n  t h e  sums on ly  i f  Aw'\ > 1.0 cps.' 
rise t o  small d i s c o n t i n u i t i e s  i n  T(.Q *) as new p o i n t s  are added 1 
t o  t h e  sums i n  equat ion ( 1 9 )  ( s e e  F igu re  7) .  The s h a r p  peak i n  
T(filH) a t  illn = 370.06 c p s  i n d i c a t e s  t h a t  t h e  s t r a i g h t  l i n e  f i t  
through t h e  p o i n t s  ( t  , p j )  is t h e  b e s t  f o r  t h i s  v a l u e  of ill * 
This  conc lus ion  is c o n s i s t e n t  w i t h  t h e  cu rves  shown i n  Figure 6 
which show t h a t  t h e  best s t r a i g h t  l i n e  f i t  occur s  when Ql 
approximately 370 cps.  
To prevent t h e  p o l e  i n  p a t  Aw" = 0 from 
j 
p . )  are in -  
This  c o n d i t i o n  g i v e s  






From t h e  p o s i t i o n  o f  t h e  peak i n  T we 
estimate t h e  p ro ton  gyrofrequency a t  ,2000 km t o  be 370.06 cps. 
This  gyrofrequency is  i n  error by 0.24 c p s  (0.05%) from t h e  
gyrofrequency used i n  t h e  model ionosphere,  This small e r r o r  
arises because w e  have used a f i n i t e  range of Aw v a l u e s  (40  c p s )  
i n  equa t ion  ( 1 6 )  whereas t h i s  equa t ion  is s t r i c t l y  v a l i d  on ly  
i n  t h e  l i m i t  Aw+O. This  error is unavoidable  i n  t h e  sense 
t h a t  a c t u a l  measurements must  be made ove r  a f i n i t e  r a n g e  of 
Aw va lues .  
t 
Th i s  requirement  is  j u s t i f i a b l e  because cyc lo t ron  damping 
s t r o n g l y  a t t e n u a t e s  f r equenc ie s  for  which Aw is less  t h a n  
about  2 cps.  
21 
To c a l c u l a t e  n(H+) from equa t ion  (18) t h e  s l o p e  of t h e  
b e s t  f i t  s t r a i g h t  l i n e  through t h e  p o i n t s  (t  , p ) is c a l c u l a t e d  
us ing  
j j  
J. ,. 
I n  Figure 7 is  shown a p l o t  of n(H+) v s  ill 
p ro ton  w h i s t l e r  shown i n  Figure 1. 
t h e  H+ c o n c e n t r a t i o n  is est imated t o  be 3.62 x 10 
The a c t u a l  H+ concen t r a t ion  used i n  t h e  model ionosphere a t  
3 2000 Ian a l t i t u d e  is 3.76 x 10  
for t h e  c a l c u l a t e d  
.'. .. 
From t h e  peak i n  T(R1 ) 
3 -3 
(cm 1. 
(CRI-~) ,  an e r r o r  of 3.8%. 
Using t h e  ionospheric  model shown i n  F igu re  5 tes t  
cases similar t o  t h e  one j u s t  desc r ibed  have been analyzed 
for d i f f e r e n t  a l t i t u d e s .  The e r r o r  i n  c a l c u l a t i n g  n(Hf) and 
12 ( 0 )  f o r  t h e s e  cases is summarized i n  Table 1. For a l l  
cases t h e  measured f r equenc ie s  are i n  t h e  r ange  0 < Aw < 40 
1 
cps.  
mining Q ( 0 )  and n(H+) from equa t ion  ( 1 6 )  when t h e r e  a re  no 
measurement e r r o r s .  
i n  T(S2 ") is  n o t  n e a r l y  as s h a r p  as f o r  t h e s e  test  cases because 
of experimental  e r r o r s  i n  measuring t h e  p o i n t s  ( t  w. ) .  To 
aeterniine error  b a r s  we c a l c u l a t e  n(H+) and Ql(0) a t  t n e  peak 
Table 1 t h u s  g i v e s  an estimate of t h e  e r r o r s  i n  d e t e r -  
1 






of T ( R  ") for s e v e r a l  independently measured d a t a  se ts  ( t j ,  w j )  1 
from t h e  same pro ton  w h i s t l e r .  
d e v i a t i o n  of t h e s e  r epea ted  measurements e 
Error b a r s  a re  g iven  by t h e  s t a n d a r d  
Another p o s s i b l e  method of  f i t t i n g  equa t ion  ( 1 6 )  t o  observed 
pro ton  w h i s t l e r  s i g n a l s  is based on maximizing t h e  c o r r e l a t i o n  
c o e f f i c i e n t  between a n  i d e a l  s i g n a l  as p r e d i c t e d  by equa t ion  (16) 
and t h e  actual  p ro ton  w h i s t l e r  s i g n a l .  
of a method used by Beghin and S i r edy  [1964] t o  ana lyze  e l e c t r o n  
w h i s t l e r  t r a v e l  times, The c o r r e l a t i o n  c o e f f i c i e n t  i s  o f , t h e  
fo l lowing  form ( s u i t a b l y  normalized) 
Th i s  method is  a n  ex tens ion  
The f u n c t i o n  S ( t )  is t h e  rece ived  p ro ton  w h i s t l e r  s i g n a l  and 
u ( t )  i s  ob ta ined  by s o l v i n g  equat ion  ( 1 6 )  f o r  w as a f u n c t i o n  of  
t .  ' L e  c o r r e l a t i o n  c o e f f i c i e n t  i s  a f u n c t i o n  of t h r e e  unknown 
q u a n t i t i e s :  t h e  time o r i g i n  to, t h e  H+ concen t r a t ion ,  and t h e  
pro ton  gyrofrequency.  
determined by f i q d i n g  t h e  value for t h e s e  three q u a n t i t i e s  which 
maximizes t h e  c o r r e l a t i o n  c o e f f i c i e n t .  The d i g i t i z i n g  and 
computer programming involved i n  t h i s  method r e q u i r e s  a cons ide rab le  
investmeat  i n  equipment and time s o  w e  have n o t  pursued t h i s  method. 
Values f o r  t h e s e  unknown q u a n t i t i e s  can be 
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IV, MEASUREMENTS OF n,(o) AND n(iI+> FROM 
PROTON WHISTLERS RECEIVED BY I N J U N  3 
I 
Up t o  t h i s  time w e  have assumed t h a t  some s u i t a b l y  a c c u r a t e  
method e x i s t s  t o  measure t h e  t r a v e l  t ime of a pro ton  w h i s t l e r  as  
a f u n c t i o n  of  f requency.  Two methods are  used. F i r s t ,  p o i n t s  
( t  
w h i s t l e r s  and second, t h e  po in t s  (t w . )  can be measured from 
o s c i l l o g r a p h  r e c o r d s  of t h e  d i f f e r e n c e  f requency  s i g n a l  de r ived  
u.1 can  be  measured d i r e c t l y  from spectrograms o f  pro ton  
j ’  I 
j ’  I 
by b e a t i n g  t h e  pro ton  w h i s t l e r  s i g n a l  a g a i n s t  a f i x e d  f requency  
o s c i l l a t o r .  The r e c o r d s  obta ined  us ing  t h e s e  two methods are 
c o n t r a s t e d  i n  F igure  8 f o r  a proton w h i s t l e r  r ece ived  wi th  In jun  3.  
The spectrogram i n  t h i s  i l l u s t r a t i o n  was made on a Sonograph 
frequency-t ime spectrum analyzer  (Kay Electr ic ,  P ine  Brook, 
N e w  J e r s e y ) .  The o s c i l l o g r a p h  r eco rd  shown g i v e s  t h e  d i f f e r e n c e  
f r e q i e n c y  between t h e  p ro ton  w h i s t l e r  and a f i x e d  f requency  
o s c i l l a t o r  a d j u s t e d  t o  a frequency uoSc nea r  t h e  p ro ton  gyro- 
f requency  (527.5 c p s  f o r  t h e  case  i l l u s t r a t e d ) .  A block diagram 
of t h e  equipment used t o  ob ta in  t h i s  o s c i l l o g r a p h  r e c o r d  is shown 
i n  F igu re  9. A s t a b l e  1 0  kc/sec r e f e r e n c e  t o n e  recorded  on t h e  
d a t a  t a p e  p m v i d e s  t h e  t i m e  base for a c c u r a t e l y  de te rmining  t h e  
o sc i l l a to r  f requency  and providing time markers on t h e  o s c i l l o g r a p h  
r eco rd .  The band width of  t he  l o w  p a s s  f i l t e r  is u s u a l l y  s e t  t o  
about  15 cps ,  The pro ton  w h i s t l e r  f requency a t  time t is 
j 
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- 1/T. ( c p s ) ,  where T is t h e  per iod  
o s c  3 j 
c a l c u l a t e d  us ing  o = w 
of t h e  bea t  f requency s i g n a l  a t  time t 
from both t h e  sonograph r e c o r d  and t h e  bea t  f requency r eco rd  are 
j 
Usual ly  measurements 
j *  
used. These measurements a re  complementary i n  t h a t  t h e  bea t  
f requency r e c o r d s  g i v e  exce l l en t  accuracy  f o r  wave f r equenc ie s  
near  t h e  pro ton  gyrofrequency (Aw less than  about  1 5  c p s ) ;  whereas, 
t h e  sonograph r e c o r d s  g i v e  good accuracy  f o r  l a r g e r  va lues  of 
Ao ( g r e a t e r  than  about  1 5  CpS). 
Nineteen p o i n t s  ( w  t . )  have been measured f o r  t h e  pro ton  
j' I 
w h i s t l e r  shown i n  F igure  8. I n  F igure  1 0  i s  shown a p l o t  of 
[l/(filc; - u ) ] ~ ' ~  v s t €or f i v e  va lues  of S2 " as c a l c u l a t e d  from t h e  
( w  
cal  parameter T(n ") for t h e s e  measurements,, 
meter T(Q1") occur s  when iil 
-3 (cm 1. 
t h e  s u L e l l i t e  from measurements of t h e  o s c i l l o g r a p h  r eco rd  i n  
z. 
1 
t . )  measurements, I n  Figure 11 is  shown a p l o t  of t h e  s t a t i s t i -  
j '  J .". 
The peak i n  t h e  para-  1 .*. .. .V. = 528.3 cps  and n(H+) = 1.95 x l o 3  
These va lues  are  t h e  b e s t  estimate of  Ql(0)  and n(H+) a t  
F igure  8. By independent ly  analyzing f i v e  independent r e c o r d s  f o r  
t h i s  same p ro ton  w h i s t l e r  s i g n a l  (no t  a l l  having t h e  same o s c i l l a t o r  
f requency)  t h e  fo l lowing  error b a r s  (one s t anda rd  d e v i a t i o n )  due 
t o  random measurement e r r o r s  have been determined for t h i s  pro ton  
w h i s t l e r :  
Ql(0) = 528.0 - t 0.9 ( c p s >  
n(H+) = (1.90 - t 0.28) x l o 3  
From t h e  c ros sove r  f requency,  e s t i m a t e d - t o  be  wi th in  278 < w12 
25 
< 330 ( c p s ) ,  t h e  f r a c t i o n a l  c o n c e n t r a t i o n  o( = n(H+)/ne has 
been c a l c u l a t e d  t o  be [see Shawhan and Gurnet t ,  19651 .62 <Cfl 
< .74 f o r  t h i s  proton wh i s t l e r .  
estimate of t h e  e l e c t r o n  number d e n s i t y  a t  t h e  sa te l l i t e ,  
ne = (2.97 * 0.50) x 1 0  
1 
Froms' w e  o b t a i n  t h e  fo l lowing  1 
3 
I n  Table 2 w e  present  a number of va lues  of G!,(O>, 
+ n(H ),and ne c a l c u l a t e d  from proton w h i s t l e r s  r e c e i v e d  by 
I n j u n  3.  Also shown f o r  comparison are 52 ( 0 )  v a l u e s  c a l c u l a t e d  
from t h e  Jensen and Cain expansion for t h e  geomagnetic f i e l d  
a t  t h e  s a t e l l i t e  [Jensen and Cain, 19621 and ne v a l u e s  ob ta ined  
from t h e  Aloue t t e  1 satell i te for the same l a t i t u d e ,  season,  and 
l o c a l  t i m e  as t h e  In jun  3 measurement,s. The Aloue t t e  e l e c t r o n  
d e n s i t y  measurements were k ind ly  provided by M .  J. Rycroft  of 
Ames Research Center. 
p ro ton  gyrofrequency determined from proton w h i s t l e r s  and from 
t h e  Jensen and Cain expansion is 1%. This disagreement w e  
a t t r i b u t e  t o  t h e  accuracy l i m i t a t i o n s  of t h e  Jensen and Cain 
expansion €or t h e  geomagnetic f i e l d .  The e l e c t r o n  d e n s i t i e s  
c a l c u l a t e d  from proton w h i s t l e r s  are seen t o  be i n  r easonab ly  
good agreement wi th  e l e c t r o n  d e n s i t i e s  ob ta ined  f r o n  ttle 
Aloue t t e  1 s a t e l l i t e  a t  1000 km, This  g e n e r a l  a g r e m e n t  
wi th  o t h e r  dara is i n t e r p r e t e d  as  e s t a b l i s h i n g  t h e  v a l i d i t y  
of t h e  p ro ton  w h i s t l e r  method as a n o t h e r  independent method f o r  
t h e  de t e rmina t ion  of magnetic f i e l d s  (SI ( 0 ) ) ,  n(H+), and ne 
i n  t h e  ionosphere.  
1 




I n  t h i s  paper t h e  propagation of i o n  c y c l o t r o n  waves 
nea r  an  ion  gyrofrequency was d i scussed .  
nea r  an ion  gyrofrequency t h e  r a y  p a t h  of t h e  l e f t -hand  
p o l a r i z e d  wave is  ve ry  nea r ly  a long  t h e  s ta t ic  magnetic f i e l d  
l i n e  and t h a t  t h e  p a r a l l e l  component o f  t h e  group v e l o c i t y  is 
n e a r l y  independent of wave normal a n g l e  up t o  about  50°. 
simple equat ion f o r  t h e  p a r a l l e l  component of tne group v e l o c i t y  
was given. 
It  was found t h a t  
A 
These equa t ions  were a p p l i e d  t o  t h e  t r a v e l  t i m e  i n t e -  
g r a l  of p ro ton  w h i s t l e r s  from t h e  sou rce  of t h e  l i g h t n i n g  
impulse t o  t h e  satell i te,  
nea r  t h e  p ro ton  gyrofrequency a t  t h e  s a t e l l i t e  t h e  k e r n e l  
m u l t i p l y i n g  n(H+)1’2 i n  the in t eg rand  is l a r g e  only i n  t h e  
r e g i o n  n e a r  t h e  s a t e l l i t e .  
uniform w i t h i n , . t h i s  r eg ion  a n  expres s ion  was de r ived  f o r  t h e  
frequency-time trace of  a p ro ton  w h i s t l e r  n e a r  t h e  proton 
gyrofrequency. 
and t h e  H+ c o n c e n t r a t i o n  in  t h e  v i c i n i t y  of t h e  s a t e l l i t e  
coulu be ob ta ined  by f i t t i n g  t h i s  t h e o r e t i c a l  frequenc-ptime 
e x p r e s s i c n  t o  observed proton w h i s t l e r  s i g n a l s .  
measuring t h e  c r c s s o v e r  frequency o f  t h e  proton w h i s t l e r  t h e  
It was found t h a t  for f r e q u e n c i e s  
Assuming n(H+) is approximately 
It was shown t h a t  t h e  proton gyrofrequency 
By a l s o  
e l e c t r o n  d e n s i t y  could be calculat6d. 
27 
t This method f o r  determining p ro ton  gyrofrequency, H 
concen t r a t ion ,  and e l e c t r o n  d e n s i t y  was a p p l i e d  t o  p ro ton  
w h i s t l e r s  r e c e i v e d  by t h e  In jun  3 s a t e l l i t e .  
v a l u e s  were shown t o  be i n  good agreement with measurements 
by o t h e r  experimenters a t  similar a l t i t u d e s ,  l a t i t u d e s ,  and 
l o c a l  times, 
The c a l c u l a t e d  
This  new technique for measuring e l e c t r o n  d e n s i t i e s  is  
expected t o  be p a r t i c u l a r l y  u s e f u l  i n  t h e  VLF s t u d i e s  w i t h  
t h e  In jun  3 s a t e l l i t e  because no o t h e r  d e t e c t o r  was included 
t o  determine nee 
amount of information concerning t h e  composition of t h e  iono- 
sphere can b e  ob ta ined  from a VLF r e c e i v e r  of t h e  t y p e  flown 
an In jun  3.  
VLF experiments w e  expect  t h a t  a technique similar t o  t h e  one 
d i scussed  i n  t n i s  paper  could be a p p l i e d  t o  t h e s e  w h i s t l e r s  t o  
o b t a i n  t h e  He' and 0' number d e n s i t i e s .  
This  technique i l l u s t r a t e s  t h a t  a c o n s i d e r a b l e  
Should He' and 0' w h i s t l e r s  be d e t e c t e d  by f u t u r e  
28 
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FIGURE CAPTIONS 
Figure  1. Calcula ted  pro ton  w h i s t l e r  t r a v e l  time f o r  t h e  model 
ionosphere shown i n  Figure 5. 
F igure  2.  R e f r a c t i v e  index f o r  l o n g i t u d i n a l  propagat ion  compared 
wi th  t h e  approximate expression g iven  by equa t ion  (7) .  
Figure  3 .  Phase and group r e f r a c t i v e  index s u r f a c e s  f o r  i on  
cyc lo t ron  waves and u,/u,, as a f u n c t i o n  of wave normal 
angle .  
F igure  4. Group v e l o c i t y  f o r  l o n g i t u d i n a l  propagat ion  f o r  a 
+ H + ,  H e  = 0.8, 0.6, and 0.4 as compared 
wi th  t h e  approximate express ion  g iven  by equa t ion  (11). 
plasma wi th  o( 1 
Figure  5. An ionospher ic  model used t o  c a l c u l a t e  pro ton  w h i s t l e r  
t r a v e l  times for t e s t i n g  t h e  accuracy of  equa t ion  (16) 
when Aw is f i n i t e .  
F igure  6.  A p l o t  of  t ( w )  vs [ l / A ~ l ~ / ~  for  t h e  c a l c u l a t e d  pro ton  
w h i s t l e r  t r a v e l  time shown i n  Figure 1. 
.L 
Figure  7. A p l o t  of  T(Ql")  and n(H+) as a f u n c t i o n  of t h e  assumed 
f o r  t h e  c a l c u l a t e d  pro ton  w h i s t l e r  
.'. ,. 
proton  gyrofrequency 51 
t r a v e l  t ime shown i n  Figure 1. 
1 
Figure  8. A sonograph record  of  a pro ton  w h i s t l e r  s i g n a l  r ece ived  
by I n j u n  3 and a bea t  f requency o s c i l l o g r a p h  r e c o r d  f o r  t h e  
same w h i s t l e r  
Figure  
F igure  
F igu re  
31 
9, A b lock  diagram of the equipment used t o  d e r i v e  t h e  
b e a t  f requency r eco rd  
9: 
10. A p l o t  of l / ( n  
shown i n  F igure  8. 
11. A p l o t  of T(Ql"') 
1 
shown i n  F igure  8. 
- u ) ~ ' ~  v s  t for t h e  pro ton  w h i s t l e r  
and n(H+> as a f u n c t i o n  of t h e  assumed 
4 
proton  gyrofrequency Ql 
i n  F igu re  8. 
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